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Abstract – This paper presents a theoretical framework of imaging the
solidification of molten metal inside a pipe by eddy currents. A complete
mathematical model is developed which reveals the relationship between the
solidification inside the pipe and the scattered field measurable outside the pipe.
This model is then exploited to develop a numerical algorithm which is able to
quickly reconstruct the geometry of the solidification based on the measured
scattered field intensity. This framework not only appears to be the first of its kinds
from the metallurgical point of view, but also involves some novel development
from the point of view of electromagnetic computations, which includes in particular
the Green functions in multiple layered media.
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1. INTRODUCTION

Electronic control system of molten metal flow
is currently researched at two Australian Co-
operation Research Centres. Monitoring the
extent of solidification of molten metal flowing in a
pipe is essential for controlling the flow. It has
been proposed to use partial solidification of the
fluid to control the flow rate [1]. As the melt
solidifies, it generally forms a non-symmetrical
layer of solidification which has a different
conductivity from the melt. It is desirable to find
the shape and the thickness of this layer by
examining the conductivity distribution inside the
pipe.

There appears no approach applicable for this
imaging task other than that of eddy currents.
Eddy-currents technique is a unique,
nondestructive method for determining the
conductivity of metals. It employs low frequency
magnetic fields which penetrate into metals and
create the so-called eddy currents. Eddy currents
have a reasonable sensitivity to continuous and
discontinuous changes in metals. Applications of
eddy currents in casting of molten metal can be
found in [2,3] and the more recent work [4]. To
our knowledge, applying eddy currents for
imaging metal solidification has not been
reported before in literature except the one
dimensional case [2].

This paper is organised as follows. Section 2
gives a general description of the problem, and
section 3 formulates the problem quantitatively by
partial differential equations. These partial
differential equations are then transformed into
integral equations using Green functions
technique. A mathematical relationship between
the scattered field seen from a solenoid and the
metal solidification distribution is given through
the set of integral equations. The electric field
inside the pipe which is governed by one of the
integral equations is solved using the moments
method as shown in section 4.  In section 5, an
iterative algorithm for reconstructing the
solidification distribution using a perturbation
technique is described. The iterative algorithm
requires the computation of electric field inside
the pipe at each iteration. Section 6 suggests a
procedure to speed up this process. Section 7
provides the simulation results to support our
theory.

2. DESCRIPTION OF THE PROBLEM

The geometry of the problem is shown in
Figure 1. There are two types of media
considered here, namely air and conductor. The
cylindrical pipe containing molten metal is
penetrated with a time-varying magnetic field
from a solenoid. This field creates eddy currents
circulating in the conductor. The pattern of the
currents depends on the conductivity distribution.
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The eddy currents in turn produce a scattered
field which can be sensed in the region exterior to
the pipe. Based on the external measurements,
the shape and the thickness of solidification can
be determined.

                Solid            Liquid                  Pipe

Magnetic
field

Figure 1: Pipe penetrated by magnetic field

We will assume that the cylindrical pipe under
consideration is penetrated with a transverse
magnetic (TM) field. This TM field can be
generated by a long rectangular solenoid where
the end effect is neglected. Since the
solidification is assumed to be invariant in the z-
direction, the dominating field is approximately z-
invariant. The problem is hence reduced to a two-
dimensional one. The TM field consists of two
components: angular component and radial
component. It is assumed that the media are
linear and the excitation is at a single (radian)
frequency ω.

3. MODELLING

3.1 Conductivity profile modelling

We divide the whole space under
consideration into three regions (as shown in
Figure 2): Region I (Ω1) is the space inside the
pipe; Region II (Ω2) is the pipe; and Region III
(Ω3) is the air outside the pipe.

In our problem, the electric field consists of
only one component in the z-direction. The
electric field in Region I (circle of radius r1)  is
governed by (assuming ωε << σ1 ) [5]:

∇ − =2

1 1 1
0E j E( ) ( ) ( )r r rωσ                                   (1)

where r =(r,ϕ) is the position vector in cylindrical
coordinate, ∇2 the Laplacian operator, µ
permeability, ε permittivity, σ1(r) conductivity
distribution in region I and is a function of
position.

                                                     Line source

                                      Ω1

                                  Ω2

                         Ω3

Figure 2: Cross section (Region I ΩΩ1, Region II ΩΩ2,
Region III ΩΩ3)

In region I, the molten metal is surrounded by
a layer of solidification of arbitrary shape. We
model the boundary between the melt and the
solid by a function 0 ≤ ρ(ϕ) ≤ r1, 0 ≤ ϕ ≤ 2π. In
general, there is also a mushy zone, where solid
and liquid phases co-exist. A microscopic
investigation of this zone has been carried out by
many [6,7]. We however only consider the
macroscopic property of the mushy region by
assuming that the conductivity is smoothly
distributed in the mushy region.

A model of the conductivity distribution σ1(r) is
given below:
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where σs is the conductivity of the solidified
metal; σl is the conductivity of molten metal; f(r) is
defined as:
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which is a monotonic function of r. The parameter
α determines the thickness of the mushy zone.
Figure 3 shows an example of f. It should be kept
in mind that f(r) depends on the shape function
ρ(ϕ) and the parameter α. Since the conductivity
distribution σ1(r) is proportional to f(r), we will use
the name distribution or profile for both. Note that
as α approaches ∞, the mushy zone disappears
since f approaches a step function:
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Figure 3: Mushy zone between liquid and solid where
ρρ(ϕϕ)=8+2sin(3ϕϕ) and αα=2.0

Denote jωµσ_s by 2
1k , the equation (1) is

rewritten as:

)()()()( 1
2
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σ
σσ −
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The term on the RHS of (5) represents the
change of eddy current distribution with respect
to the background conductivity σs. The electric
fields in the remaining regions II and III (pipe and
air) are:

 ∇ − = =2
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where σ2 is the conductivity of the pipe, and J(r,ϕ)
the current source in the air region. In eddy
currents problems, the frequency ω is small and
the constant k3 is negligible (often set to zero).
Equations (5), (6) and (7) together with proper
boundary conditions [5] completely describe the
behaviour of the electromagnetic fields in our
setting.

3.2 Relationship Between Conductivity Profile
and Scattered Field

Considering (5) to (7), we define the Green
function v

uG for region u due to a delta source in
region v  as follows:

∇ ′ − ′ = − ′2 2G k G
u

v

u u

v

u

v( , ) ( , ) ( )r r r r r rδ δ                    (8)

where 1=v
uδ  if  u = v and 0 otherwise. All

boundary conditions must also be satisfied by
v
uG . It follows from a superposition theorem [8]
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where slsk σσσλ /)(2
1 −= . The electric field E2(r)

in region II is of no interest to us. The first integral
in each of (9) and (10) represents the contribution
from the applied current source. When the
current source of magnitude I0 is carried by a
very long and thin solenoid, it is convenient to
model it as a delta function:

J I( ) ( )r r r= −
0
δ                                                 (11)

where r  is the position of the source. It follows
that:
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The first term of (12) and ( 13) are given by:

 ),(),( 3
101 rrrr GIjEi ω−=                                     (14)

=),(1 rriE ),(3
30 rrGIjω−                                    (15)

They are incident fields due to the external
source.

Once these equations for a particular line
source configuration are solved, the fields due to
an arbitrary shape of solenoid can be easily
obtained by superposition. We define the
scattered field measured in the solenoid as:

E E E
s i
( , ) ( , ) ( , )r r r r r r= −

3 3
                               (16)

Then it can be written as:
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The equation (12) together with (15) define the
relationship between the distribution (represented
by f(r) and the observable scattered field.
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4. SOLUTION OF ELECTRIC FIELD BY
      MOMENTS METHOD

The total electric field E1(r, r ) governed by
(12) is solved using the moments method [9,10].
We provide numerical results for the case when
the basis functions are polynomials and
sinusoids; the solid-liquid interface is circular and
no mushy zone presented. This is a good
example to see how well the numerical results
agree with the analytical solution.

Figure 4 and 5 show the real and imaginary
part of the electric field. Figure 6 and 7 show the
percentage error compared to the analytical
solution [8] is less than 0.05 %.

Figure 4: Electric field (Real) for circular domain

Figure 5: Electric field (Imaginary) for circular domain

Figure 6: Error of electric field (Real) for circular domain

Figure 7: Error of electric field (Imaginary) for circular
domain

5. RECONSTRUCTION ALGORITHM

5.1 Inverse problem

In forward part of our method, the scattered
field Es is calculated by assuming the function f is
known. This is achieved by first solving E1 in (12)
and then calculating Es in (15). In the inverse
part, Es is known then f is determined. To
emphasise the dependency of E1 and Es on f, we
rewrite (12) and (15) as:

E f E G f E f d
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We can see that the scattered field Es is
nonlinearly related to f because the electric field
E1 is a function of f. A popular method useful for
the above problem is the so-called "distorted
Born approximation (DBA)" [11,12].
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5.2 Distorted Born Approximation

Assume that we obtain a known profile fe
which is closed to the function f. In the spirit of
the DBA, we can write:

∫
Ω

Ω′′′′≈
1

);,()(),();( 1
1
3 dfEfGfE es rrrrrr λ              (20)

where );,(1 efE rr is the electric field solved from
equation (18) with the profile fe. The profile f is
now linearly related to Es. In the next section, we
derive an iterative procedure to reconstruct the
actual profile f0 within the DBA framework.
However, it should be mentioned that DBA is not
a necessary condition for our method. In [8], we
provide a full account of the method without DBA.

5.3 Iterative Procedure

From (20), we define an error functional
);( fU r :

U f E E f
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It is a quantity that we can measure. We have:

∫
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If the measurements are taken at L different
positions, we want to find such an f that
minimises

∑
=

L

l
l fU

1

2
);(r                                                      (24)

subjected to the integral equation (18). Assume
that we know an estimate of the function f to be
fm. We want to find a better estimate by adding a
small increment δfm to fm.

We start with the first order Taylor series
expansion:

[ ]);();(Re2);();( *22
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where );( fU rδ  can easily be obtain using (23):
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The variation in f(r) is given by:

δ δα δρ ϕ
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Note that as α→∞ (there is no mushy zone),
f r

ρ
δ ρ ϕ( ) [ ( )]r → − , f

α
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condition, double integral in (26) is reduced to
single integral. For a smooth curve, ρ(ϕ) can be
approximated by a truncated Fourier series of
2N+1 terms:
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An iterative procedure is used to update
parameters A (n), B (n) and α until a true solution
is achieved. Equation (22) can be written as:
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The expression for );( rnS  is the same as that

for );( rnC  with sin(nϕ) replacing cos(nϕ). In
matrix form, equation (29) is:

U f f U f T( ; ) ( ; ) ( )r r p r q+ ≈ +δ δ
2 2

                    (32)

where

)};(),;(),({)( rrrrp nSnCDvec=                         (33)
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For L measurements, (32) becomes:

e u P q= + δ                                                       (35)

where
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)}(,),({ 1 L
TTvec rprpP L=                                 (38)

Let fm(r) be the mth estimate whose parameters
are Am (n), Bm (n) and αm. Then this estimate can
be used as the function fe (fe(r)=fm(r)) for the
distorted Born approximation. It is then updated
by finding an increment δfm such that

∑ =
+

L

l mml ffU
1

2
);( δr  is minimised. This can be

done via the increment δqm :

δq
m m m

= +arg min 
x

u P x                                (39)

In general it is not possible to find δqm by
minimising the above norm. This is due to the ill-
conditioning of the matrix P. When noise exists in
measurements, the increment δqm may be very
large. Regularisation can reduce this effect. Many
different techniques such as singular value
decomposition, total least squares, constrained
optimisation can be used [13].

6. FAST COMPUTATION

Reconstruction of the profile f(r) requires a lot
of 2-D numerical integration, which is time
consuming. Due to the complex geometry in our
problem, the Green functions are tedious and
computationally demanding. In this section, we
derive a procedure to speed up the computation
considerably. The idea is based on the Gaussian
quadrature [14] formula. Adaptive Gaussian
quadrature subdivides the intervals [0,2π] and
[0,r1] and applies Gauss rule to estimate the
integral over each subinterval.

Let us consider the following integral:

G f d
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where χ(r) is one of the basis function for the
moments method, [ϕ1,ϕ2] ∈ [0,2π], [a,b] ∈ [0,r1].
In our iterative procedure, the profile changes
after each iteration and hence the integral (32)
has to be evaluated again and again. We will
show that there is no need to do so. Consider the
profile f(r) as a weighting function, which is
nonegative and integrable on the specified
region. For Gaussian quadrature, we can write
(32) as:
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where K and M are integers and the weights ci, dj

(ϕi) is related to the nodes (rj,ϕi) by Vandermonde
matrices [8]:
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The nodes rj and ϕi are roots of the Mth and
Kth degree Legendre polynomials respectively.
They are extensively tabulated [15], so it is not
necessary to perform roots finding. All the
quantities can be pre-computed off-line except for
the vector f which is computationally very fast.
Every time the profile f(r) is updated, we only
need to evaluate f.

7. SIMULATION

The parameters used in the simulation are:

Permeability µ 4π×10-7 (H/m)
Conductivity of
solidified metal

σs 2×106 (mhos/m)

Conductivity of
Molten metal

σl 1×106 (mhos/m)

Conductivity of pipe σp 1×105 (mhos/m)
Frequency ω 2π×102 (rad/s)
Inner radius of pipe r1 15×10-3 (m)
Outer radius of pipe r2 16×10-3 (m)
Radial distance of
Line source

r3 25×10-3 (m)

Table 1. Values of parameters.
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Table 2 shows the estimates of parameters after
15 iterations.

Var True Initial 2nd 4th 6th
α 5.000 1.000 1.461 2.117 2.610
A0 10.200 8.000 9.983 10.142 10.172
A1 3.600 0.000 3.284 3.604 3.658
A2 -0.850 0.000 -0.428 -0.756 -0.822
A3 1.700 0.000 1.905 1.781 1.750
B1 1.100 0.000 0.964 1.088 1.112
B2 -1.300 0.000 -1.116 -1.269 -1.301
B3 0.900 0.000 0.779 0.833 0.902

Var 8th 10th 12th 14th 15th
α 3.557 4.289 4.700 4.883 4.929
A0 10.189 10.196 10.198 10.199 10.200
A1 3.629 3.613 3.606 3.602 3.601
A2 -0.844 -0.848 -0.849 -0.850 -0.850
A3 1.720 1.708 1.703 1.701 1.701
B1 1.107 1.103 1.102 1.101 1.100
B2 -1.303 -1.302 -1.301 -1.300 -1.300
B3 0.902 0.901 0.900 0.900 0.900

Table 2: Convergence of parameters

It can be seen that that convergence is quite fast.
Figure 8 and 9 show the shape function ρ(ϕ) after 3
iterations.

Figure 8: True shape (), the intial (--) and the first (−−⋅⋅)
estimates

Figure 9: True shape (), the 2nd (--) and the 3rd (−−⋅⋅)
estimates

Define the Relative Mean Square Error (RMSE)
of the parameters of the shape ρ(ϕ) at the kth
iteration as:
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It can be seen in Figure 10 that the RMSE for
ρ(ϕ) rapidly decreases after each successive
iteration. The parameter α also converges quite
well to the actual value. The conductivity profile
can now be reconstructed from these
parameters.

Figure 10: Relative error vs. No. of iterations (RMSE of
ρρ(ϕϕ) () and αα (--))
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8. CONCLUSION

The paper has presented an imaging
technique for reconstructing the shape and
thickness of solidification using eddy currents.
The eddy currents are characterised by
differential equations. Using the superposition
theorem and Green functions, we have converted
these equations into a set of integral equations
which yield an indirect relationship between the
conductivity distribution and the observable
impedance. Based on this relationship an
iterative reconstruction algorithm has been
derived. At each step of iteration, the electric field
inside the pipe is solved numerically by moments
method with Fourier series and polynomial
approximation.  Gaussian quadrature with the
profile as a weighting function speeds up the
computation considerably. Simulation results
show that the algorithm does really converge to
the true image. Further issues such as noise,
convergent property of the iterative algorithm,
dependency of parameters on temperature
remain to be investigated.
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