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Abstract — The two—dimensional analysis of the electrostatic field inside an
electrical resistance tomography sensor is presented. The theoretical model
is based on application of the logarithmic potential to the surface of each
electrode transformed by conformal mapping from sensor circumference to a
straight line. This approach automatically returns singularities at the edge
points of each electrode. Examples of voltage and current function
distribution are given for different electrode angles and different positions of

the source and sink electrodes.
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1. INTRODUCTION

Calculation of electrostatic field in the interior
of the electrical tomography sensor is of
particular importance when Linear Back
Projection (LBP) is used to obtain reconstructed
image, since the sensitivity maps are just
determined solely by the results of field
simulation. In addition it provides e.g. basis to
sensor optimisation by predicting calibration data.
Standard simplifications applied to Maxwell's
equations lead to the mathematical problem
which consists of second order partial differential
equation of elliptic type — Poisson, Laplace
(considered in this paper) or Helmholtz (in the
case of homogenous medium) with boundary
conditions imposed on the wall of the domain
being considered.

In the case of electrical resistance
tomography (ERT) the main discrepancies
between particular physical and mathematical
models result from the differences in the
electrodes simulations. Typical models which can
be found in the literature [1, 2] such as ‘point
electrodes model’, ‘gap model’, ‘shunt model
and ‘complete model’ just differ by the method
used for simulation of the electrodes and also the
physical phenomena that occur on their surfaces.

Application of the logarithmic potential to the
shunt model leads to the set of N (where N is the
number of electrodes) integral equations of the
Fredholm type with the N unknown distribution of
logarithmic potential. The method of solution
strongly depends on this expected distribution.
The logarithmic potential may be expanded e.g.
into a Fourier series.

. electrical tomography, field simulation, analytical functions,

Since the shunt model neglects surface
resistance we simplified the problem assuming
that the potential has to be equal at the edge
points of each electrode only. This approach
provides a relatively simple solution which
provides prompt, but not completely accurate
information, on the electrostatic field distribution.

2. MODELS AND BOUNDARY
CONDITIONS

The method of the electrode simulation is
equivalent to the selection of proper boundary
conditions for the Laplace equation.

It is commonly agreed that boundary
conditions imposed on the part of sensor
circumference that is not occupied by electrodes
are of the Neumann type:

n

Where F is potential (voltage) and n is direction
normal to sensor circumference. Condition (1) is
common for all models.

The difference between particular models lies
in the boundary conditions on the electrode
surfaces. In the point model active electrodes are
simulated by the strong singularities (source and
sink) while the detecting electrodes do not exist.

In the gap model uniform distribution of
current density is postulated i.e. current density
for each electrode is constant and equal to:
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Where j is the current density, | total current, e
electrode width and n index of electrode
respectively. Again since the total current is equal
to zero for each detecting electrode these
electrodes do not exist in this model.

In the shunt model the boundary conditions for
each electrode are as follow:

I, isknown for each electrode (3a)

F =const (but unknown) (3b)

The second condition (3b) results from the
assumption that electrical conductivity s is, in
practice, infinite for an electrode (metal) when
compared with the range of the conductivity of the
media being tested.

Finally the complete model includes a surface
impedance term r. Thus boundary conditions (3)
are replaced by:

I, isknown for each electrode

(4)

F  +jnr = const (but unknown)

Impedance is usually assumed to be constant.
Current density j, varies along the electrode
surface.

The completed model meets the experimental
data best [ 3 ]. This however requires the proper
selection an unknown a priori value of
impedance.

It is essential that the two last models yield
singularities at the edge points of electrodes
because of a rapid change of boundary
conditions. Thus the orthogonal series (usually
Fourier series) describing, for example, voltage
distribution on the sensor boundary have a
relatively poor convergence.

The main purpose of this contribution is to
propose a method which imposes this
singularities on the electrode edges and then the
exact solution may be obtained by superposition
with continuous function obeying the Dirichlet
condition. The first step of this method is
presented in the next section.

3. SOLUTION

3.1 The logarithmic potential

One of the possible methods for looking for an
analytical function f(z) on a complex plane:

Z=Xx+liy

(where i is an imaginary unit), is to introduce a
continuous distribution of singularities, namely
vortices and sources along a given line or lines.
Thus an analytical function f(z) is given in the
form:

f(2) =F +iY = 3gl,) In(z- zo)dl, (5)
|

where Y is a current (stream) function, | is
the line singularites are imposed on and
grepresents the density of singularities. In the
general case g may be complex i.e. the
singularity consists of both sources and vortices.

The derivative of f(z) is thus given by the
relation:

df(z) _ . 9(lo) I
dz  ['z- 2z, lo ©

The general theory of logarithmic potential
may be found for example in [4, 5]. One of
classical application is given by Glauert [6], who
applied this method to simulate flow past a thin
aerofoil. He expanded the density function into a
Fourier series and then calculated the total
circulation around its profile.

3.2 Mapping of the sensor cross—section

In the first step the circular interior of the ERT
sensor is mapped into a half-plane:

W=u+iv

according to relation:

1-w
z= 7a
Trw (7a)
or, alternatively:
1-z
wW=i— 7b
177 (7b)

Figure 1 show this mapping, according to
which any point placed on the circumference of
the unit circle on z plane is transformed on the
real axis u on the w plane:
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h= sina
1+cosa

(8)
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Figure 1: Mapping a unit circle onto a half plane

Figure 2: Electrode position on z plane

On the z plane the position of each electrode
can be determined by two angles determining (for
example centre of the electrode (a ) and its width
( b )). Then on w plane each electrode is a
straight segment occupying part of real axis
which characteristic points may be calculating by
means of equation (8).

3.3 Approximate solution of the shunt
model

Due to linearity of Laplace equation is useful
to consider the normalized solution i.e. for unit
injected current and unit electrical conductivity (or
resistivity). Multiplying the normalized voltage
(potential) by actual value of current and dividing
by value of conductivity it is easy to obtained a
real value of voltage.

In the first step the basic field is created by
imposing on the source and sink electrodes the
analytical functions given by the relation:

w = +e,, cosh(fy(w)/p) (9)

where e, is the width of the source or sink
electrode of w plane and fo(w) describes the
complex potential resulting from injection of
single current to a half plane shown in figure 1.
The detailed description of function given by
equation (9) may be found in literature [4, 5].
Here we only point out that streamlines are
confocal hyperbolas, whose foci are (e,,0) and (-
ew,0), while lines of constant potential are ellipsis
having the same foci.

Function fo(w) obeys conditions (1) and (3a).
Potential however is not constant on the electrode
surfaces. Thus in the next step an additional
analytical function should be imposed to create a
superposition which also obeys condition (3b).
This function should not spoil the properties of the
basic field since it should also obey condition (1)
and not generate a total current on the surface of
any electrode. Following the concept of the
logarithmic potential described briefly in section
3.1 a continuous distribution of sources and sinks
can be imposed on the surface of each electrode.

Such distributions automatically obey condition
(1) (no component of current density normal to
the real axis is generated) while condition (3a) is
now expressed as:

09(u)du=0 for each electrode
ew

(10)

Condition (3b) can now be written in the form:

dfO(W) _-é c\)gn(uo) u
- (o]
dw n=1 NeyW-Wo
.to (12)
dfO(W) :-é_ Ogn(uo) u
(o]
dw n=N NeayW-Wo

That is a set of N Fredholm equations. The
sum of interactions coming from distribution for
each electrode should cancel the tangential
component of potential derivative on the surface
of each electrode. An additional difficulty results
from the fact that a kernel in one term in the
integrals sum on right hand side of (11) has a
strong singularity.

Below we will use some results derived by
Glauert with a small modification. For each
segment on u axis representing particular
electrode is possible to introduce auxiliary
variable j according to the definition:
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_ 8w Ve an2l
u= 5 (1- cosj ) =e,, SN > (a2

Thus for each electrode on w plane j varies

from 0 to p.

Now the function g(u) = o(j ) may be presented
in the form:

¥
g )=Agcotj + & Ay sin(mj )+
m=2
Y | 49
a Bpcos(mj )
m=2

In the Fourier series on the right hand side of
(13) all terms which return nonzero total positive
or negative source distribution have to be
removed.

The only term which returns singularities at the
edge points of electrode is the first one on the
right hand size of (13). In the present analysis the
influence of this term is considered. It can be
proved that the term cot j returns the linear
potential distribution on each segment on the u
axis. The analytical function describing the
potential and stream function distribution
associated with this term has the form:

F(w) = AW+ epen)? - €2, - wg (14)
|

where A is arbitrary constant, ey, is the
central point of the nth electrode on w plane and
ewn is the length of the segment on u axis
representing the nth electrode, respectively.

Finally, the total complex potential obtained
from our model may be expressed as:

F+iY =fg(w)+

N N .. (15)
o 2 2

a Ani\/(w' €wen) - €wn - Wg

n=1

It is convenient to select source and sink
electrodes to be placed symmetrically versus the
X axis on z plane. Then their images on the w
plane are placed symmetrically along the v axis
and number of unknown coefficients A, is
reduced to N/2. The method of their calculation
strongly depend on number of electrodes N. For a
standard value N=16 a simple iteration method
has been applied.

In the first step the coefficient A, are
calculated starting from the voltage distribution
resulting from the basic field. Then a new field is
calculated as well as voltage differences at the
edge points for each electrode resulting from.
The new set of functions (14) provide the next
normalized voltage distribution on the
circumference of the sensor. Typically four

iterations may be required for N = 16 and an
electrode angle b < 15°.

4. RESULTS

Solution of equation (15) provides the value of
normalized voltage (potential) and normalized
stream (current) function at any point of the
sensor cross—section. These values, notably on
the sensor boundary, may be predicted to
estimate shunt effect and thus select an
appropriate value for the electrode angle b.

Figures 3 — 8 show typical distributions of the
potential and stream function provided by model.
The source and sink electrodes are placed
symmetrically versus the x axis so only half of
sensor circumference has to be shown.

100 150 200

50 100 150 200
Figure 3: Distribution of normalized voltage (top) and
normalized stream (current) function (bottom) vs. angle
(deg). Dotted line shows the basic solution and solid line
the final solution of equation (15). N=16, b = 12.5° (56% of
sensor circumference is occupied by electrodes). Source
and sink electrodes are adjacent.
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Figure 4: Distribution of normalized voltage (top) and
normalized stream (current) function (bottom) vs. angle
(deg). Dotted line shows the basic solution and solid line
the final solution of equation (15). N=16, b = 17.5° (78% of
sensor circumference is occupied by electrodes). Source
and sink electrodes are adjacent.
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Figure 5: Distribution of normalized voltage vs. angle
(deg) for three values of normalized radius,

R = 1, 0.95 090. N=16, b= 17.5° (78% of sensor
circumference is occupied by electrodes). Source and
sink electrodes are adjacent.
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Figure 6: Distribution of normalized voltage (top) and
normalized stream (current) function (bottom) vs. angle
(deg). Dotted line shows the basic solution and solid line
the final solution of equation (15). N=16, b = 17.5° (78% of
sensor circumference is occupied by electrodes). Source
and sink electrodes are separated by two electrodes
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Figure 7: Distribution of normalized voltage (top) and
normalized stream (current) function (bottom) vs. angle
(deg). Dotted line shows the basic solution and solid line
the final solution of equation (15). N=16, b = 17.5° (78% of
sensor circumference is occupied by electrodes). Source
and sink electrodes are separated by four electrodes.
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Figure 8 a: Distribution of normalized voltage vs. angle
(deg). Dotted line shows the basic solution and solid line
the final solution of equation (15). N=16, b= 17.5°.
Source and sink electrodes are separated by six
electrodes
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Figure 8 b: Distribution of normalized stream function for
sensor parameters the same as in figure 8a.

100 150

5. CONCLUSIONS AND FUTURE
WORK
This paper shows how the logarithmic

potential may be applied to simulate electrostatic
field inside an ERT sensor. This model is
restricted to 2-D field simulation which produces
some errors in field description. Since however
this model is relatively simple and fast (four
iterations provide the accurate solution for the
first component of the Legendre’s function of the
first order) the presented analysis was restricted
to this approximation.

Figure 5 shows voltage distributions for three
values of normalized radius (R = 1 corresponds
with sensor boundary). It is clearly shown that the
inaccuracies resulting from the assumed
simplification disappear rapidly with distance from
the sensor boundary. This fact justifies the
approach we have taken to reach the solution.

Distributions of the stream function show
shunt effect for various positions of the source
and the sink electrodes. The maximum effect
occurs when these electrodes are separated by
two electrode distances (figure 6). Approximately
25 percent of total injected current flows through
electrodes.

In future work the solution will be directly
applied to the sensitivity calculations at any point
of sensor cross—section for various electrode
angles, various number of electrodes and
particular combinations of active and detecting
electrodes.
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